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SUMMARY

/750"

A stability and control analysis is made of a class of inertia-wheel-
controlled earth satellites whose orientation is controlled relative to a set of
orthogonal axes, two of which are the local earth vertical and the normal to the
orbital plane. The NASA Nimbus meteorological satellite 1s a typical example.

It is demonstrated for a restricted but nevertheless important sub-class of
these satellites, defined by a particular inertia distribution, that the sta-
bility about the local earth vertical (yaw) and the stability of the vehicle
angular momentum are independent of each other. This fact is used to extract
many fundamental dynamical properties of the system, in particular, the influ-
ence, on stability, of the orientation and time constant of the yaw sensing gyro.
Furthermore, the analysis gives some insight into the role of gravity torques
and into the inherent difficulties involved in the removal of angular momentum
from the vehicle.

Performance data for a satellite similar to Nimbus, obtained from digital
and analog studies, are used to supplement the stability analysis and to
demonstrate transient responses following control commands.

INTRODUCTION

An important class of satellites is one whose mission requirements can be
adequately met only by a configuration which is stabilized so that a line fixed
in it lies along the local earth vertical or close to it. Such a satellite is
usually termed an "earth-oriented satellite" or simply an "earth pointer." Per-
haps the most widely discussed type of earth-oriented satellite control system
is one which uses a combination of inertia wheels for momentum storage and mass
expulsion for momentum removal. Research into the behavior of this type of
system has been reported by Roberson in references 1 and 2 and Cannon in ref-
erence 3. The work of these investigators has yielded considerable insight into
the general dynamical properties of earth-oriented satellites controlled in this
way.



The studies reported here are also concerned with the problems and behavior
of earth-oriented satellites controlled by inertia wheels. The aim, however, is
somewhat different from that of the previously mentioned authors in that a
specific type of inertia-wheel control system 1s investigated in considerable
detail. The primary aim of this control system is to provide full three-axis
stabilization of the satellite relative to a set of orbit-fixed axes and in
addition some measure of angular control (yaw control) about the earth-pointing
axis. The essential features of the control system are that it has three inertia
wheels with mutually orthogonal spin axes, each inertia wheel receiving signals
from a separate attitude sensor. The sensors for the two axes located in the
local horizontal plane (pitch and roll axes) are horizon scanners and for the
earth-pointing axis (yaw axis) the sensor is a single-degree-of-freedom gyro.

The report is divided into two major sections. The first deals with general
theoretical considerations and the second with computed results, both digital and
analog, obtained on a typical example of this type of control system. The numer-
ical data used for the example were representative of the Nimbus meteorological
satellite at one stage in 1ts development.

The theoretical section commences with considerations basic to a complete
understanding of the behavior of the system. Included are some general results
for very small and very large control system gains, a discussion of the best
gyro orientation from a steady-state point of view and some steady-state results
for large angles of yaw. They are followed by an analysis of the linearized
equations describing the satellite system both from the stability and steady-
state aspects. It i1s here that the main contributions of the report are to be
found. The theoretical part of the report is completed with an analysis which
demonstrates the feasibility of minimizing the effects of certain control system
failures, in particular, a complete failure of the yaw channel.

The section of the report containing the computed results on a typical
satellite is organized so that the topics are introduced in roughly the same
order as in the theoretical section. These results are used to strengthen the
theoretical arguments and to reveal problems not readily apparent from the
theoretical analysis.

SYMBOLS

Reference Frames

A1l reference frames are right-hand systems.

01 orbital reference frame; 01, .along the velocity vector of the center
of mass, oo normal to the orbital plane, oz along the local
vertical, positive towards the center of the earth (See fig. 1.)

vehicle principal axes of inertia; Gl along roll,'%g along pitch,
bs along yaw



m; "marked" reference frame, oriented with respect to the %i frame
through a constant small error angle matrix
ai actual satellite fixed reference frame of the gyro, oriented with
respect to the my frame through a small error angle matrix
Sy actual satellite fixed reference frame of roll sensor, oriented
with respect to the m; frame through a small error angle matrix
5&1 actual satellite fixed reference frame of pitch sensor, oriented
with respect to the m; frame through a small error angle matrix
it Tp = IRA, Tz = ORA, T3 = SRA  reference frame fixed relative to gyro case
g;t B, = IR, g, = OA, g = SA reference frame fixed relative to gyro
gimbal, oriented with respect to the ©Cj
frame through the gimbal angle matrix
Angles
(V,p,0) Buler sequence angles for rotations about the yaw, roll, and pitch
axes, respectively
Og gyro gimbal angle; angle orienting the g frame with respect to
the ©c; frame
Cij elements of the direction cosine matrix orienting the gyro fixed
reference frame ¢; with respect to the di frame
Cij' elements of the direction cosine matrix orienting the gyro fixed
reference frame ¢; with respect to the iy frame
my 5 elements of the direction cosine matrix orienting the m; frame
with respect to the 03 frame
Om/orOa/ms for right-hand rotations in measuring the position of the imj
m/bs €te- frame with respect to the 03 frame, etc.
Angular Rates
W1 ,Wo ,Wa inertial angular velocity components of the satellite as measured
in the my reference frame
angular velocities of the roll, pitch, and yaw inertia wheels,

wwy%rg ’('OWB

respectively, measured in the M; reference frame



Iij}

[1,0 ©
0 Is 0
0 0 Is

Jl}JZ;JB

Inertias

inertia matrix for the satellite system (with rotating components
at rest with respect to the satellite) as measured in the m;
reference frame

principal inertia matrix, that is, inertia matrix in the Ei frame

polar moment of inertia of a single-degree-of-freedom gyro gimbal

vehicle inertia parameters in the b; frame;

Io - T T, - I Io - I
Ji = “g—fz—g'; Jdz = —;i—fgg y d3 = "g—fg‘;

Angular Momenta

variable-speed flywheel angular momenta in m; reference frame
constant-speed flywheel angular momenta in m; reference frame

gyro rotor angular momentum about its spin axis

Miscellaneous

gyro damping coefficient

gyro torque generator term

gyro torque generator feedback constant
spurious torques about the gyro gimbal axis
roll, pitch, and yaw control channel gains

orbital angular velocity

torques about the m; reference frame from sources other than
wheels or gyros

gyro time constant

motor flywheel time constant



DESCRIPTION OF THE SATELLITE CONTROL SYSTEM

A schematic block diagram of the satellite control system is shown in
sketch (a). Continuous attitude control of the satellite is through the action
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Sketch (a).- Block diagram of satellite control system.

of variable-speed inertia wheels nominally alined along three mutually orthog-
onal, body-fixed axes. These body axes will subsequently be referred to as the
"marked" axes system and are alined as closely as possible to the principal axes
of inertia of the satellite. Pitch and roll attitude signals are provided by
earth horizon sensors. These signals are passed through compensation networks
before being used as command signals to the pitch and roll inertia-wheel motors.
The method of measuring angle of yaw makes use of the signal from a single-axis
gyro oriented so that it senses a component of the orbital angular velocity pro-
portional to angle of yaw. The output signal from the gyro is passed to compen-
sation networks before being used as the command to the yaw inertia-wheel motor.

The part of sketch (a) shown dotted depicts an additional control system
which operates only intermittently and is used both to despin the inertia wheels
and to limit the possible attitude deviations of the vehicle. It is not speci-
fied further since in this report the concern is only with the continuously
operating inertia-wheel part of the over-all control system.



A provision is made in the control system, shown in sketch (a), to inject
command or "yaw bias" signals into the yaw control channel. In the case of the
Nimbus satellite, this type of command is used to point a solar array at the sun
when the sun is not in the orbital plane of the satellite.

MATHEMATTICAL REPRESENTATION OF THE SYSTEM

In the derivation of the equations of motion of the satellite the following
assumptions have been made:

(1) The gravitational field is that which would be produced by an earth
with a spherically symmetrical mass distribution.

(2) Coupling between the satellite's translational and rotational degrees
of freedom is negligible. Thus the rotational equations alone are
sufficient to determine the angular motion of the satellite relative
tc the orbital path of its center of mass.

(3) The orbit is circular.

(4) The torques produced by the gyro rotor and the gyro gimbal are
negligible.

(5) The satellite structure behaves like a rigid body.

The rotational eguations of motion, expressed relative to the "marked"
reference frame, are given below:

I1161 + wawa(Iss - Izz) + Iio0z + Iyghs + wiwelsy - wiwslay + Izg(we® - wg?)
. . . 2
Tzzte + wwa(I1y - Isa) + Tz2a0y + Ioals + wawslis - wiwplas + Ina(ws® - wi?)

. 0 . 2 2
LIasws + wwa(Izz - I13) + Iaiby + Taote + wawilss - wawsliz + Iop(wi® - wp?)

—
Rigid vehicle
hiy wzhay - Wahew -J131%m/0 BEREL Y wzahag - WahpK PN
= - | hay | - jwshaw - wahaw | + 3wg® -J2lz26m/o| + | J2labm/p| f - [ wshyg - wibigg [ + 2Tz
hay wihpw - wahiy "0 ) wihge - weh p Y Ta
— ~T — — — / — —— - St
Variable-speed Gravity torques Constant-speed Torques
flywheels flywheels from sources
other than
wheels or
gyros
r
(1)



The equation of motion of the combined gimbal and rotor of the single-
degree-of -freedom gyro is:

Ig8g + Cpdg ='{-Ig(021®1 + Cozlz + C2ats) + Hp[(C11 - Ca18g)wy + (Ciz - Cazfg)we
+(C1s - CSSGg)ws]}" Ig[(-Wd/mczz + Gd/mC23)&1
+ (Wd/mczl - @d/mCZS)&Z + (-6 Cor + Pq /mCaz)ws]
+ Hr[(-wd/mC12 + Qd/mcls)wl + (Wd/mcll - @d/mcls)wz
+ (=04 /mC11 + C120g/m)wal + Mg (2)

where, in general, Mg = -Kbg + AMg.
The relationship between the inertial angular velocities (wl, w2, and ws)

and the Fuler angles and Euler angle rates are given by the following
expressions:

w1 = Qo €OS /o - Vpyo 51N O/ COS By - wo(sin @p o sin 6y g cos Yy 0

+ cos Bpy/o sin Yn/o)

Wo ém/o + $m/o sin Pm/o = Wo COS Pp/o COS Wm/o > (3)

" wg = Vo COS Opo COS Gn/o *+ Py Sin Oy o - wol-cos 6y o sin @y o cos Vp/q

+ sin 6p o sin Vp/e) J

Equations (1), (2), and (3) are well known and many derivations of various
forms of them have been published (see, e.g., ref. 1).

The equations closing the roll, pitch, and yaw control loops are assumed to
be of the following general form:

Roll hiy = K$F®(S)¢sx/o (4)
Pitch  hay = KgFg(s)0gy/0 (5)
Yaw haw = Kwa'(s) <— %%) (6)

where

G’( ) - I{ 3
y‘ l, R D ————T——
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and
G[(C118+Ca0 )P/ o +C 1286y o +(Clas -Chiwg Ny o By -Claw, ]

6_(gyro gimbal angle) =
g 1+ TgS

The development of the gyro gimbal expression from equation (2) is given in
detail in appendix A. The quantities » Kg, and Ky are the control loop
gaing, and the transfer functions F@(s), etc., represent the combined behavior
of the horizon sensors, inertia-wheel motors, and compensation networks. It is
assumed that the transfer functions Fw(s), etc., are rational algebraic
functions of the Laplace transform variable s.

GENERAL DYNAMICAL BEHAVIOR OF THE SATELLITE

Sources of Coupling Between the Degrees of Freedom

An important problem that exists for all earth-oriented satellites is caused
by the set of axes, relative to which the satellite 1s to be stabilized, rotating
with respect to inertial space. In the notation of figure 1, the roll and yaw
axes rotate relative to inertial space with orbital angular velocity, while the
pitch axis remains fixed relative to inertial space. Therefore, any disturbance
in the orbital plane which i1s constant relative to inertial space has oscillatory
components along both the roll and yaw axes and, clearly, these ccmponents are
90° out of phase. It follows that the rotation of the reference frame itself
causes coupling between the roll and yaw degrees of freedom.

In general, the gyro in the control system of sketch (a) will produce a
signal which consists of a relatively complex mixture of yaw, roll, and pitch
information, the proportions of each being dictated by the gyro orientation
within the satellite. It follows that the gyro must tend to introduce coupling
between the degrees of freedom although, in some cases, it may be sufficiently
weak to be neglected in the analysis. An important special case of this type of
control system, and one which will be treated in some detail later in this report,
is a system in which the gyro is oriented so that its input axis is located in
the roll-yaw plane of the satellite. 1In this case it is always possible to a
first approximation to treat the stability and transient response of the com-
bined roll and yaw degrees of freedom separately from the pitch degree of freedom.

The Roll cf Gravity Torques

Gravity torques play a particularly important role in the dynamics of
earth-oriented satellites. This can be demonstrated in the following very
general way. Let G be the vector gravity torque acting on the satellite, and
W, the vector angular velocity of the orbital reference frame relative to
inertial space. The rotational equations of motion of the satellite are:

E+do XxXH=0C (7)
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It is assumed here that no external torques other than gravity torques act
on the satellite. The vectors H, G, and ®, expressed in terms of their com-
ponents along the ©;, Oz, 05 directions (orbital reference frame) are:

H = 5;H, + O2Hs + OgHg (8)
(_}- = 61(}1 + 62G2 + 63G3 (9)
@ = -OaWwg (10)

Thus equation (L) resolved along the 0., Oz, O3 directions becomes

Hy - wolly - Gy = O (11)
Ho - Go -0 (12)
Hs + oy - Gg = O (13)

If the gravity torque terms G; and Gs were missing from the equations,
then equations (11) and (13) would represent an undamped sinusoidal oscillation
of orbital frequency wO/En in the momentum components H; and Hs. This leads
to the conclusion that if the satellite gystem is to be damped, then gravity
torques must be present.

The Effect of Magnitude of the Gain

The selection of the final compensation networks and gains required for
satisfactory dynamic behavior of the class of satellite control systems under
discussion, as with most multivariable, miltigain control systems, is somewhat
a matter of trial and error. In this case, however, it is possible to deduce
some important general properties of the system by examining its behavior as the
gain parameters Ko, Kg, and Ky simultaneously tend to either very small or to
very large values.

When the gains all tend to zero, the system is completely uncontrolled, that
is, hyy, hoyw, and hay are all zero. A considerable amount of work has been
carried out elsewhere on the subject of the uncontrolled motion of a satellite
and it is not proposed to repeat this work here except to quote the main results.
These are that the energy transferred to a satellite from an outside disturbance
remains constant in the absence of further disturbances (i.e., the motion is
undamped) and furthermore the motion is completely governed by the torques
produced by gravity gradients (gravity torques).

Perhaps more interesting is the case when the gains » Kg, and Ky are all
very large. It can be readily seen from equations (4), (5), and (6) that the

10




set of variables describing the motion of the satellite body (i.e., Pm/0s Om/os
Wm/o) and their derivatives must all be small compared to the inertia-wheel
angular momenta hjy, hoy, and hay. When the gains tend to infinitely large
values, the equations of motion (egs. (1)) become?

1230002 = "hlw + wohsw + 3w02JlIlcpm/'b + thBK (1)4-)
0 = -hoy + 3wo=T2I26n /b (15)
-T2 = -haw - wohiw - wohix (16)

These equations fall naturally into twc independent groups, one containing
the pitch equation (eq. (15)) and the other containing the roll and yaw equa-
tions. The pitch equation when integrated yields

hoy = 3we2T2Taby pt (17)

where it is assumed that hpow = O when t = 0. This equation indicates that the
pitch wheel speed increases linearly with time at a rate proportional to the
pitch control axis misalinement angle 6p/;,- The implications of this are
discussed in a later section on control axes misalinements.

The roll and yaw equations when integrated yield

Il

hiy = A cos(wet + €) - hyg + woley (18)

i

hay = A sin(wgt + €) - gg - wo(3T1T10,/p - I2a) (19)

where A and € are constants depending on the initial conditions. It follows
from equations (18) and (19) that there is an undamped sinusoidal oscillation in
the roll and yaw inertia wheels and they are exactly 90° out of phase with each
other. This implies that any energy from external disturbances that is ilmparted
to the roll and yaw degrees of freedom is transferred entirely to the roll and
yaw inertia flywheels where it remains indefinitely. Since, with both zero and
infinite gains, the system has a mode of oscilillation with zero damping, then (for
given compensation networks, inertia-wheel-motor time constant, and gyro time
constant and provided the system is stable for all finite nonzero values of the
gains) there must be a set of finite gains which result in the maximum damping
of the system.

1Rquations (14), (15), and (16) are derived in the following way: The
quantities om0, Omsos ¥mjo @and their derivatives are put equal to zero in
equations (3). This yields w1 = 0, wz = -wp, ws = 0 which are then substituted
into equations (1).

10
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Gyro Orientation Within the Satellite

Examining the steady-state gyro output signal, Gg(steady)’ (the error signal

used to drive the yaw inertia-wheel motor) will give some indication of the
influence of input axis orientation on the ability of the gyro to control the
satellite yaw attitude. An expression for 6g(gsteagy) When the vehicle orien-

tation angles are small can readily be obtained from equation (A6) by setting the
Laplace transform variable s equal to zero, that is,

_ Hr C' C' Alv[g CY
Og(steady) = th”ﬁ;;ga;; 1300y /o = C11WoVpy o + Eﬂ? - Ciawo
or
1 1 1
_ =C11¥m/o - Ci2 + CisPm/o + (Mg /Hytg ) (20)
Og(steady) =

(K/Hrwo) - Caz

where the quantity AM, represents any spurious torque acting about the gyro
gimbal axis and the quantity K 1s the torque generator feedback gain when the
gyro is operating in the rate mode (K = 0 when the gyro is operating in the
integrating mode).

The interesting point about equation (20) is that, provided Cgs is
nonzero, it shows there is no fundamental difference in the steady-state behavior
of the integrating and rate gyros. This is due entirely to the fact that the
frame of reference relative to which the satellite is to be stabilized is itself
rotating relative to inertial space with orbital angular velocity mo.z This
becomes very apparent if w, 1s made equal to zero in equation (20). The steady-
state gimbal angle for a rate gyro is then equal to zero or AMg/K, depending on
whether or not AM is zero, while for the integrating gyro it is equal to
(‘Cilwm/o - Clo + %ig$m/o)/—032 or infinity, depending on whether or not AMg
is zero.

An immediate deduction from equation (20) is that, if the gyro signal is to
be used to control angle of yaw, then Cil must not be zero. An interesting and
perhaps unexpected implication of this is that a gyro operating in the integrat-
ing mode, oriented with its input axis along the satellite earth pointing axis
(s or yaw axis) is unsatisfactory as a yaw control device since Ci; is zero.
In addition, in the case of the gyro operating in the integrating mode, it is
necessary that Czz not be zero.

2This is also the reason a constant spurious torque acting about the gimbal
axis of a gyro operating in the integrating mode does not necessarily cause it
to drift away until it reaches the stops, as would happen if the reference frame
were not rotating. Instead the gimbal angle reaches the steady-state value
indicated by equation (20); that is, if Wm/o = Qp/o = 0, the value is

Ciz + (MMg/Hywo)

-Caz

11
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A desirable, though not strictly necessary, condition is Cls equal to
zero. A nonzero value results in a steady-state output signal (gimbal angle)
from the gyro even with Vo and ¢p/o both zero. Although this steady-state
signal could be removed from the yaw channel by applying a constant bias, it is
doubtful whether it is worth considering because it is shown in a later section
that a nonzero Cls has no beneficial effects on over-all system stability.

To meet the zero Cig condition, the gyro input axis must be located in the
mims or roll-yaw plane of the satellite. In practice it is only possible to
set Cio equal to zero (or locate the gyro input axis in the d.ds plane).

The value of Cig may then differ slightly from zero if the gyro reference
frame (ai frame) and the control or marked reference frame (ﬁi frame) are mis-
alined. Thus if C,» 1s zero, then by equation (A2), 032 is given by

Va/mPr1 - PqmCia-

Perhaps the simplest orientation, for the gyro operating in either mode, is
when C;; 1is unity, -Caz 1is unity,8 and C;po and Cia are both zero. With
this orientation the gyro input axis lies along the d; or roll axis of the gyro
reference frame and the spin axis lies along the negative do axis. The gimbal
angle expression (eq. (20)) then reduces to

~ “Ym/o - Va/m - 8a/mPm/o + (2 /Hyws)

“g(steady) - (K/Hpwo) + 1 (21)

There may, of course, be objections to this orientation from the point of view of
over-all system stability. This question 1s deferred to a later section. It is
possible, however, to predict a possible objection to this orientation for an
integrating gyro 1f i1t is required to rotate the satellite through large angles
of yaw, say of the order of 30° or more. It can be seen from equation (21) that
with K equal to zero the gyroc gimbal angle must be approximately equal to the
angle of yaw, which is clearly incompatible with current gyro gimbal angle limi-
tations of about 6°. Overcoming this problem, without recourse to special gyros,
necessitates reducing the wvalue of 011/032 from unity to something of the order
of 0.2. This can be arranged by rotating the gyro input axis in the roll-yaw
plane so that it makes an angle of about 78° with the roll axis. With this
orientation, however, the value of C13/032 is increased from zero to 0.98, so
that the part of the steady-state gyro signal proporticnal to angle of roll
becomes about five times greater than that proportional to angle of yaw. Thus,
not only can the integrating gyro input axis orientation be severely limited by
the yaw bias requirement, but noise becomes an increasingly important considera-
tion since the controlling signal in yaw is so much weaker.

The gyro used in the rate mode does not suffer from problems introduced by
the yaw bilas requirement to the same extent as the integrating gyro. It can be
seen from equation (21) that if K is made sufficiently large, the gimbal angle
can be made small relative to the angle of yaw.

SIt is shown in appendix A that for a gyro operating in the integrating mode
it is essential to have Csz negative.
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ANALYSIS OF THE LINEARIZED EQUATIONS

Stability of the Linearized Equations

It is proposed, from the outset, to simplify the subsequent analysis by
making the following two assumptions:

(1)

(2)

There are no misalinements between the marked axes and the principal
axes of inertia and between thne horizon sensor axes and the marked
axes.

There is a constant-speed inertia wheel alined along the pitch axis
only (hx = hg = 0).

Although the analysis is therefore not completely general, it nevertheless serves
to indicate many of the main stability characteristics that exist with the type
of system under consideration in this report.

The linearized kinematic equations corresponding to equations (3) are:

w1 = o = Woly,o

we = ém/o - W (22)

Wg = 1l”’:mh/o + wo@m/o

Substituting equations (22) into equations (l) and carrying out the usual linear-
izing procedures yields

Ilém/o

- hwB(Is - Iz)wm/o - wo(Iy - In + Ia)V

N

+ Ny -
mo T Duw - Wohaw

- h2K(\1’m/o + WPy, 0) = 2T

T2y, + 300 (I1 - Is)6y,o + how = 3Ty (23)

Isllfm/o + U)OZ(IZ - Il)llfm/o + u)o(Il - 12 + Is)Qbm/o+ (‘ooth + hSW

+ (P /o - Wolyo) = ZTSJ

The control equations (see egs. (4), (5), (6)) become

hiw - KeFg(s)ey,, o = 0 (2k)
hoy - KgFg(s)ey o = O (25)
13
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hSW + KIIIF\])'(S)[(CE.lS + CS_SwO)CPm/O + CS_ZSQm/O + (CS.BS + C_!Llwo)qu/o
+ Mg - Clawp] = O (26)

where

Fy'(s)
FW(S) - lw+ Tgs (27>

Equations (23), (24), (25), and (26) form the complete system of linearized
equations.

Tt is convenient, at this stage, to change the time scale from t to
where T = wgt. This procedure implies that the Laplace transform variable, s,
in equations (23) to (26) must be replaced by wys', where s' is the Laplace
transform variable corresponding to the new time scale, 7. The characteristic
equation of the complete system expressed in the Laplace transform variable s!'
can then be written in the following form:

h - .
[115'2 - 4(I5 - I2) é} 0 ‘-(Il - Is + Ig)s' - }ﬁj st 0 -1
Wo L wo J
r
‘Lxgs'?— + 3(1, - Ia)} 0 s! 0
' i h
{(Il I + Tg)s' + D2KE } 0 LISS'Z + (I - I,) - LK} 1 0 st
Wo Wo
=0
Tfoluos) 0 0 L o o
(o]
KgFg(w,s')
0 88 " L 0 0 1 o
(o]
Kwa(wos')(C'lls' + Cla) K\yF\y(wos’)C'lgs' KyFy(wes')(Clas' - Cl1) 0 0 1
(28)

The determinant of equation (28) can be simplified by the following steps:
(a) multiply row 1 by s’
(b) add row 3 to row 1
(¢) divide row 3 by s'
(a) multiply row 5 by s'
(e) subtract row 5 from row 2
(f) multiply column 4 by [(Iz - Ii) - (hZK/wO)]
(g) subtract column L4 from column 3

(h) subtract row 6 from row 3

1L
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An examination of equations (30) and (31) reveals that they are independent
of C}s. It follows that the stability of the system is independent of the angle
between the gyro input axis and the Mz or roll-yaw plane. In other words,
there are no stability improvements to be gained by skewing the gyro input axis
ocut of the M My plane.

Since equation (30) contains only one gain parameter, Kg, the characteris-
tics of the stability in pitch can be readily obtained by standard root locus
techniques. On the other hand, equation (31), representing the roll-yaw stabil-
ity, contains two gain parameters and K, ; therefore standard root locus
techniques do not readily indicate the important features. If, however, the
additional assumption® is made that

h
(T2 - T,) - 2 =0 (32)
o

then equation (31) factors into two equations; thus

Iss' - Kwa(wos')(Cigs' - Ciy) =0 (33)

1 12
s'[Ils'2 - 3(I5 - Is) + Il} + K¢F®(wosw;(s ) =0 (3L)

Equations (33) and (34) each contain only a single gain parameter and both are
therefore amenable to treatment by standard root locus techniques.

While the assumption represented by equation (32) restricts the treatment of
stability considerably, the class of satellites which satisfy the agssumption is
important. If, for example, the control system does not include a constant speed
pitch inertia wheel (th = 0), then a satellite configuration satisfying equa-
tion (32) must have inertial symmetry about its earth-pointing axis. Even if
equation (32) is not completely satisfied, equations (33) and (34) provide a sound
basis for considering the kind of problems and type of behavior likely to be
encountered. In fact, it will be shown subsequently that the stability of the
Nimbus satellite is closely approximated by equations (33) and (34) although the
assumption of equation (32) is not completely satisfied.

Equations (30), (33), and (34) can be rewritten in a form more suiteble for
root locus analysis; thus,

“The significance of this assumption is that it removes all torques of a
purely gyroscopic origin from the yaw equation. It is interesting to note that
this can always be achieved by choosing the appropriate value of th. For
further insight into the significance of this decoupling parameter, see
appendix B.
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KoFg(wos')s'

1 =0 (35)
! ong(S'Z + 3J2)
) Kwa(woS')<C335' - Cil) -0 (36)
IsS'
t 12 1
L Kafpleos)(st” + 1) (37)

wolls‘(s'e + 1+ 37,)

It is now proposed to examine, in some detail, the 1mpllcatlons of equations (35L

(36), and (37).

Root loci of equation (35).- First consider the case where no compensation
is provided; the transfer function Fe(mos‘) will then be that of the motor fly-
wheel in the pitch channel and can be approximated by a simple lag, that is,
Folwos') = 1/[1 + 7y(wes')]. The type of root locus obtained depends on the sign
of the gravity torque parameter, Jo. The root locus diagrams for dJ- positive
or negative are shown in sketch (b).° If Jo is positive (stable gravity

jw jw
\
M M A Vv
X — - K % D ~X
o L/ .
V34,
\
Jo Positive Jo Negative
1 s!
Sketceh (b).- Root locus of 1 + =0

wOIg 1+ mp(wes') (s'2 + 3d2)

>In all root locus diagrams the poles and zeros may be identified by the
following code:
open loop poles
pole associated with motor flywheel
pcle associated with gyro lag
zero associlated with gyro orientation
poles and zeros assoclated with compensation networks

QO EFE<g
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torques ), then the pitch channel is stable for all finite positive values of the
gain parameter Ky and there is a value of the gain which gives the optimum damp-
ing. When Jo 1is negative (unstable gravity torques ), the pitch channel is
unstable for all finite values of the gain. The stability when Js is eilther
positive or negative can very easily be improved by the inclusion of passive com-
pensation. If, for example, the compensation is of the often used lead-lag type,

that is,
1 {l + Tglwos") }
1+ atg(wes")

Flwsys') =
(wos") 1+ mp(wes')

then with suitable values for T4 and aTy the root locus diagrams can be made
to appear as in sketch (¢). By Jjudicious choice of the lead-lag parameters, the

jw jw

<

V35
c c M M V C /ﬂv
K——— - B ——p o He—— - C:"y n:‘*_'o.
V“ejJ
{V
Jo Positive Jo Negative
K 1+ Tolwes") '
Sketch (c).- Root loci of 1 + [ —o > = { 610 } _5 -0
wole/ 1 + Tm(wos') 1+ aTe(wos') (212 + 332)

optimum damping of the system with Jz positive can be improved substantially.
When Js is negatave, it can be seen that the stability can be improved so that
there ig a range of values of the gain parameter for which the system will be
stable even though the damping, in general, will be low.

Root locus of equation (36).- The types of root locus diagrams representing
the solutions of equation (36) can be divided into two classes corresponding to
Clz # 0 and Clz = 0. When Cis # O, the equation can be written in the form
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1 <FWC13 Fw(wos') [s' - (C11/Ci3)] _

Is

and when Cis = 0, in the form

S'

)

1+ <K‘J’C'll> Fy(wos'
I s!

3

First consider the case where no compensation is provided.

function Fw(wos') can be written in the form

1

=0

1

Fw(wos') =

where T, 1s the motor flywheel time constant and T
stant. The root loci of equation (38) are shown in sketch (d) for C};/Cla

1+ tplwgs') 1+ Tg(wos')

is the gyro time con-

0

The transfer

(39)

'] cl
(& <o) (3t >o)
13 13
, m e jw (5)
—Ciz >
_C'“ Tm @o /
: Mo b g v v %
“ ) 0 " " \J a
Small g ) Small rg '
(2) 1@
_C’3
T’:l < Tm Uo
G GO. M v
He— ¥ —
Small =g /
—Cia (3) jv jw (6)
—-C—,” > Tm%
M GO ¢ M- efly GO.
% =¥ 7 rd J [
Large rq Large zq
, (4) jw
—Cis
Ciy ~ Tm%o
Go. M 6fly
S X -4
Large tg
K C.;..S 1 1 s!' = C' C'
Sketch (d).- Root loci of 1 - < il [ (c1i/Cla)] -0
Ta /1 + mplugs') 1+ 7g(wos") s'
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negative and positive. The case where Cil/Cis is negative 1s subdivided into
two cases corresponding to -Cis/C}; < woTy and -Cls/Cl; > woTp. The root loci
of equation (39) (i.e., Ciz = 0)are shown in sketch (e). Two values of T, are

jw jw

(1 (2)

v

|
J:o
xZ
A

<

)
xZ
i&

<

Small r Large Tg

RN

1
1 1,

m(wos™)] [1 + Tolws™)] s

KyC
Sketch (e).- Root loci of 1 + < i ll>
Is 1 + 7

considered: one very small corresponding to a rate gyro, the other very large
corresponding to an integrating gyro. The small value of T is less than both
woTy and |Cls/Chil and the large value is greater than both weTp and [Cis/Clil.

The root loci diagrams shown in sketches (d) and (e) reveal the important
fact that the best damped systems are those with small gyro time constants
(i.e., rate gyro) and with gyro orientations such that C}:/Cls is negative.

To cbtain a geometrical interpretation of the latter of the two requirements,
consider the case where the ¢&; frame is oriented to the m; frame by a stand-
ard pitch, yaw, roll Euler angle sequence (similar to that used in appendix D to
orient the <¢; frame with respect to the a& frame). If the pitch, yaw, and
roll angles are designated 6a/y, Vo/ms Pc/m» then

! sin 8 cos ¥
ClS = c/m c/m = tan 9('_:/m (J"‘O)

Cly  cos e /m €08 Vo /m

Thus a negative value of C},/Cls means that Bo/m ™ust lie in either the
second or fourth quadrants. It makes no difference which of these two quadrants
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is selected, provided a Ky of the correct sign is used. Sketch (f) gives a
pictorial idea of a gyro oriented with its input axis in the fourth quadrant,
when Ky must be positive for stability.

Orbital path

mg

Sketeh (f).- Stable gyro orientation.

To obtain a gyro signal which has the component proportional to the angle
of yaw Wm/o a maximum, it has been shown that the input axis must be located

along the al axis (see eq. (21) and related discussion). The advantage of
obtaining the strongest yaw signal is, of course, that the influence of noise
and signal threshold limits is minimized. With an orientation of this type, Cii
is unity and C;» and C;3 are both zero. The expressions for 033 and Ci,
obtained from equation (A2) are

C;LS = -ed_/m

Cly =1
Therefore

Cis _ 4

Cli a/m

If ed/m is less than or equal to zero, then Cig/Cil is greater than or equal

to zero, and it can be seen from sketches (d) and (e) that the system has an
oscillatory instability for wvalues of the gain parameter greater than some crit-
ical value. To guard against the possibility of an instability due to gyro mis-
alinement (i.e., ed/m), the gyro input axis must be oriented at an angle, 6¢o/m,
as in sketch (f), so that

tan ec/m <0
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or, since tan 6,y need be only slightly less than zero,

Gc/m< 0

Since Oc/m = Bc/d - Gd/m,6 this criterion for stability may be written as
Gc/d < 0d/m

The least value of 0gq/y may be written as "ed/m‘max where ‘ed/m‘max is
the estimated maximum numerical value for the misalinement error angle 04 /m-
Hence the criterion for stability becomes

c/q < -\ ed/m‘ma.x (41)

In the case of the integrating gyro (large Tg), it can be seen from
sketch (&) that, in general, a large value of -Cl3/Cl, yields better stability
characteristics than a small value. In other words a large value of -0,/ 1
desirable (direction of -0c/m as in sketch (£)). It is interesting that this
condition is compatible with the integrating gyro orientation conditions (estab-
lished earlier in the section dealing with gyro orientation) necessary to meet
the yaw bias requirement.

Even if the gyro orientation is favorable and the time constant small, the
damping factors of the oscillatory roots at high gain may be unacceptably low
for some applications. This can be improved by adding lead-lag compensation in
a manner similar to that indicated in sketch (c) for the pitch channel.

Root loci of equation (37).- Again consider first the case where no
compensation is provided. The transfer function F@(wos‘) is then the simple
lag function assumed to represent the motor flywheel dynamics. The type of root
locus obtained depends on the sign of the gravity torque parameter J;. The root
locus diagrams for J; positive and negative are shown in sketch (g). The
system with J; positive has a convergent mode of oscillation lying in the
frequency band wO/En t0 won 1 + 3J1/2¢; whereas with J; negative, such that
0> J; > -1/3, the mode of oscillation in this frequency band is divergent. If
J; 1s in the range -1/3 > J; 2 -1, the divergent mode may be oscillatory or
nonoscillatory depending on the value of K¢. If J, is zero (no gravity
torques), the poles and zeros on the imaginary axis become coincident and there
is an undamped sinusoidal oscillation of orbital frequency wo/En for all wvalues
of the gain . This is in agreement with the general conclusions given earlier
in the report. It should also be noted, again in agreement with earlier con-
clusions, that, as the gain is made very large, the system tends to possess an
undamped sinusoidal oscillation of orbital frequency.

®The negative sign for 60g,p occurs because 68/y and 6./q are rotations
about the @€, axis while 64/, 1s a rotation about the dp axis and by the
convention adopted in appendix D, Cs = -dzo.
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jw

v
Aq)} W35,-D)
B |

J; positive
jo . jo
|
(|-V|+3J| ) tD
M ' M
3¢ = >
V}>
| s |
O>J1>-§ '§>J|Z'I
J| negative
1 (s'2 + 1)

Sketch (g).- Root loci of 1 + < X > -
L1/ [1 + 1p(wes')] s'(s'S + 1 + 37,)

It is shown in appendix B that equation (34) governs the transport of
roll-yaw angular momentum between the satellite and its orbit. (When the trans-
port of angular momentum is from the satellite to the orbit, the process is
usually termed 'momentum dumping.") It is clearly desirable to maintain the
angular momentum of the satellite (including the inertia wheels) as small as
possible within the framework of other satellite performance requirements. It
can be seen from sketch (g) that the best system from the momentum dumping point
of view is the one with the largest positive value of J; (e.g., a long slender
cylinder with its axis earth pointing). With J; negative, momentum dumping is
not possible with an uncompensated inertia-wheel control system. It is not
possible to materially improve a system with J; between O and -1/3 even with
very general forms of passive compensation. It is theoretically possible to
improve a system with J; between -1/3 and -1 by cancelling the unstable pole
with a zero, but it is doubiful that the resulting system would be practical.
Even with J; positive it is very difficult to materially improve the maximum
damping (given by point A of sketch (g)). Furthermore, the gain corresponding
to the maximum damping is relatively small and for many systems may not be com-
patible with the demands of other performance requirements. If these require-
ments dictate a high value for Kp then the momentum dumping capability will be
extremely low and there is little that can be done to improve it. However, the
fact that one of the roots of the characteristic equation is almost undamped
does not necessarily mean that the system is unsatisfactory. To demonstrate
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this point, consider such a system at a time sufficiently removed from the time
of a disturbance that all the transients, with the exception of that associated
with the lightly damped mode, have died away. The system will then be oscillat-
ing at close to orbital frequency with approximately constant amplitude, so that
the Laplace transform variable s can be set equal to jmo(j = Jti) in the equa-
tions governing the system. Thus the roll control equation (eq. (24)) becomes

hlw _ .
o KpFop( Jwo) (L2)

or equating the modulus on both sides of equation (L2)

hiy
‘Cpm/o

= :z;‘/fi‘ = Kol Fop( duwo) | (43)

We now define lhlwlmax to be the maximum inertia-wheel angular momentum, at
which the coarse control system is activated to desaturate the inertia wheel,

and | Py ol max spec and 'ém/olmax spec O be the maximum specified deviations

of roll angle and roll rate, respectively. If (Qm/olmax and (ém/olmax are

the maximum values of ¢ and ¢ corresponding to | hyyl , then the
m/o m/o ‘ ‘max

following are specified:

‘@m/o!max < ‘@m/o’max spec (L)

‘@m/o}max < I@m/o’max spec (45)
but since the motion is sinusoidal with circular frequency wq

‘¢m/okmax = Yo (@m/o[max (16)
Thus inequalities (44) and (L45) may be restated in the following form:

lq')m./olmax IS
pec
!mm/olmax < {éreatest of ‘®m/o max spec and Wo
or from equation (43)
Ko > {éreatest of - |y Imax : wo’?;w‘max (17)
‘F®(3w0)11@m/o)max spec lF@(JMO)‘\@m/O'maX spec
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Therefore if is large enough to produce a system with small damping in the
sense discussed previously, then inequality (47) is a necessary condition that
the system will be satisfactory in meeting the specifications. In a similar
manner to the above, an inequality connecting K¢ with \hgw{max, ’Wm/o‘max spec

and ‘wm/o‘max spec can be derived which must also be satisfied. It is not pro-
posed to go into the details of this since the expressions involved are long and
not particularly revealing.

If, in order to meet the specifications, a very high value of K@ is
required, then it may be desirable to improve the damping factor of the pair of
oscillatory roots located on the branch marked B of the root locus diagram shown
in sketech (g). This can be accomplished by the addition of simple lead-lag com-
pensation applied in a manner similar to that indicated in sketch (c) for the
pitch channel.

The effect on stability of (Is - I,) and hox.- If the system does not

satisfy equation (32), even approximately, then it is necessary to consider the
complete characteristic equation (eq. (31)) in determining the stability of the
system. Unfortunately as with most multivariable problems of this kind it is
very difficult, if not impossible, to deduce any general properties of the sys-
tem by methods currently available. Several specific examples have been evalu-
ated in which it appears that small negative values of (I - I; /I3 = and
small positive values of th/wolg result in a system with a meximum momentum
dumping capability which is slightly better than that which would be predicted
by equation (37), although always at the expense of the damping of other modes.
Larger values of -J3 and th/ons eventually regult in a decrease of the
momentum dumping capability below that predicted by equation (37). With very
large values of th/wols, the dynamics of the constant speed wheel tend to
dominate the over-all stabllity of the system and always result in an almost
undamped oscillation of orbital frequency which tends to create large amplitude
roll and yaw deviations. Thus for the type of satellite system considered here
any improvement due to the use of a constant speed wheel is always small and
probably not worth the additional mechanical complications.

A possible way of improving the roots of equation (37) for the cases where
Js 1s nonzero, but small, ig to replace the imaginary poles by the correspond-
ing true open loop poles derived from the open loop characteristic equation

st 4+ g'83(1 + 30, + J1J3) + bJyJg = 0 (48)
The Influence of Axes Misalinement
Two types of axes misalinement can occur and can influence the behavior of

the satellite significantly:

(a) Angular misalinements of the axes system selected as the reference for
control information (known as the marked or control axes).

(b) Angular misalinements of the sensors relative to the marked axes system.
25
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It is usual to attempt to aline the control axes so that they are coincident
with the principal axes of inertia of the satellite. If some orientation other
than this is selected, then in its equilibrium attitude, the satellite generally
has torques acting on it as a result of the action of the gravity gradient.

These gravity torques have to be countered by the control system and the only

way this can be achieved is to continuously change the speed of the inertia
wheels. This situation 1s undesirable for two basic reasons. First, there is

a tendency to reduce the life of the inertia-wheel units and, second, an addi-
tional burden is placed on the coarse control system (and its energy supply)
through the increased likelihood of the inertia wheels attaining saturation speed.

The difficulty of accurately determining the location of the principal axes
of inertia of the satellite makes it almost impossible to completely avoid the
problems outlined above. In addition, the uncertainty of the location of the
principal axes can introduce important stability problems, as will be demon-
strated subsequently. Opinions differ somewhat on the gquestion of attainable
accuracy with which the principal axes can be determined, and, certainly, the
type of configuration is an important factor. It appears, however, that the con-
trol system design should allow for the possibility of a control axis misaline-
ment of at least 30 and possibly as much as 50.

Misalinement of the sensors can result from manufacturing errors and
structural distortion. Their effect is to produce both attitude errors and
inertia-wheel speed biases. In general, however, the influence of these mis-
alinements is largely overshadowed by that due to the control axes misalinements.

It is possible to obtain a quantitative idea of the influence of misaline-
ments by considering the steady-state equilibrium of the system. The steady-
state equations governing the static equilibrium of the system can be derived
from equations (1), (3), (&), (5), and (6). These equations take on a simplified
and more meaningful form when linearized, a process which is Justifiable in the
present circumstances since no external torques are assumed and the misalinement
angles are, in general, small. The equations are given below.

hZK l&J > s hgw le
Roll - + } ) 7
< woly 1 (\Dm/o Too m/b* 1 (L@)
Pitch J26m/0 = T26n/p (50)
T h s
2K s iy
- + =J
Yaw < ol + Js> ¥m/o Towg 3¥m/p  (51)
s
Roll E??Tﬁg _ Eiy _ -KoPsx/m
control © w W
’ ° ° (s2)
Pitch s s
control Kgbm/o - hoy = -Keesy/m
(53)
Yaw ' nSy
t s ' 5 _
control KyCa13%m/0 - KyCia¥p o . | Ty T 0 (54)
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where the suffix s means the steady-state value of the variable. It should be
noted here that misalinements of the gyro orientation enter the equations only
through the terms Cil and Cls. Thus gyro misalinements do not of themselves
introduce any steady-state attitude angles and inertia-wheel speeds although they
do influence the value of those derived from other sources of misalinement.

It follows directly from equations (50) and (51) that in the case of pitch

6ri/o = 9m/b (55)
and
naw = Kg(On/p + gy /m) (56)
provided
Jo # 0

Equation (55) merely states that, in equilibrium, the principal axes of inertia
in roll and yaw always point along the roll and yaw axes of the orbital reference
frame (i.e., b; = 0; and bs = 03). As the pitch gain Kg 1is increased, equa-
tion (56) indicates that the steady-state-pitch wheel speed increases. If the
gain is high, however, the wheel speed will probably saturate before it reaches
the steady-state value given by equation (56) and will therefore have to be
desaturated by the coarse control system. For high values of the gain the rate
of increase of wheel speed with time tends to the asymptotic value (corresponding
to an infinite gain) given by equation (17). Thus for high gain systems, equa-
tion (17) provides a rapid approximate estimate for the time interval between
wheel desaturations for a given pitch misalinement angle.

The steady-state roll and yaw angles (@i/o and Wﬁ/o) and the associated
inertia-wheel angular momenta hSy and h8y can be obtained by solving the simul-
taneous equations (49), (51), (52), and (54). The general results are not pre-
sented here since the expressions are not particularly revealing. When the gains
Ky and Ko are infinite, the general expressions reduce to the following

s N
Pm/o = Psx/m

hiy = IaJaw Cia n C1a

= 2898% \ Py /m cly m/b ) 2KPsx/m cly

& (57)
_c!

‘Ifs — 13

m/o Cil CPsx/m

s

hay = “Ilequ(@sx/m + @m/b) + th@sx/m )
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The important properties indicated by equations (57) are that the inertia-wheel
speeds are bounded (note that the pitch wheel speed is unbounded when Kg tends
to infinity) and the steady-state angles @;/o and Wﬁ/o are dependent only on
the sensor misalinements which are usually very small (of the order of l/lOO).
These facts illustrate a general point noted earlier in connection with stability,
namely, that misalinements in pitch have a much more significant effect on the
behavior of the system than have misalinements in roll and yaw.

The Influence of Control System Failure

The desired lifetime of a satellite is usually of the order of months and
in some extreme cases, years. lie multiplication of components to achieve the
desired reliability is often very costly in weight. In some cases, however, 1t
is possible, after a component fails, to rearrange the operation of the remaining
components so that stability is maintained with some degradation of performance.
Clearly, it is desirable to exploit such circumstances to the maximum since this
may provide a way of improving system reliability for only a small welght penalty.

The stability of the roll and yaw degrees of freedom can always be arranged
to be dependent on each other. The condition for this is that the system must
not gatisfy equation (32), or the system parameter must satisfy the equation

_ h
(Io - I) _Bex _ K (where K # 0O)
Is wols

This raises the possibility, in the event of a roll or yaw channel failure, of
activating a constant speed wheel to adjust the value of K so that the result-
ing system is stable. Furthermore, if the value of hyx required to produce the
desired value of K is not tooc large, there is the possibility of using the
piteh control inertia wheel to provide the value of hox, using the remainder of
its speed capability for pitch control in the usual way. It should be noted that
the coupling between any of the degrees of freedom can be changed by changing the
values of h;x, hog, and hpg. For example, it may be possible to minimize the
effect of a pitch channel failure by selecting appropriate values for either h;K
or hgg or both, which can be provided by the roll and yaw control wheels, respec-
tively. However, in all but the case considered here (i.e., varying th) the
analysis appears to be rather intractable from the point of view of ylelding
general conclusions and the feasibility of these schemes can only be determined
for specific satellite configurations.

In the subsequent discussion on the influence of a control channel fallure,
it is assumed that the system prior to failure has those design features which
have been shown to be desiraple in the previous discussion. In particular the
following are assumed:
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1
S <o - (58)
Cis

Tg small

Failure of the yaw control channel.- The stability of the roll-yaw motion
with the yaw control channel inoperative may be obtained from equation (31) b
setting X equal to zero. The resulting equation may be written in the follow-
ing form, suitable for a root locus investigation:

. Ko F$ wos')s' (s’ +l)
s'5+s'S 14+3T 1+ Ja - J3- b,
wOIS wOI wOI wOI

It is shown in appendix C that the best open loop stability (i.e., K@ = 0) is
obtained when hox/w, satisfies the condition

(59)

h
flﬁz [both (I - I;) and 4(Is - I)]
Q

The open loop poles are then all located on the imaginary axis and are, of
course, symmetrically disposed relative to the real axis. The two poles on the
positive imaginary axis are located so that one is always equal to or less than
J and the other always greater than or equal to jNC, where C is given by

the expression
> < >
ons wOI
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Sketch (h).- Root loci of equation (59).

The three types of root loci that can be obtained are shown in sketch (h) where
F@(wos') has been assumed to be a simple lag function approximating the motor
flywheel dynamics. It can be seen that a stable system is achieved only if there
is an open loop pole on either side of each of the zeros located at the points

s' = *+3 (i.e., sketch (h)1l and 2). This can be arranged by selecting an appro-
priate value for th/wo (for example, any value for which C > 1 would be satis-
factory). The value of K¢/Ilwo corresponding to maximum damping of the system
represented by either 1 or 2 of sketch (h) is always relatively low (i.e., com-
parable with its value at point A of sketch (g)). Hence if the original system
has high gain, this method of overcoming the effect of a yaw channel failure is
not very satisfactory, since two almost neutrally stable roots occur, one at

s' = +j, the other at s' = 0. Whereas the neutrally stable root of orbital
frequency (s' = *j) can be tolerated in the original system (since most of the
system angular momentum is always stored in the inertia wheels) after the system
has a failure there is no yaw wheel to store the yaw angular momentum which must
therefore appear in the form of large yaw angles and yaw rates.

Failure of the roll control channel.- The characteristic equation for a
system with a roll channel Tailure 1s given below (eq. (31) with K$ =

2 I5 C}
FPylwss' ) s'(s' + 377 + 1) <s' - > ( > =3 Zi1 <s' + > :)
) KyCla W( © )[ ( . Cla ons I, Cls Cly ~

Ia L4 ’2[ hK ] hK =
s'® 4+ s' 1 + 371 + <J3 - -E 3>< (,)OI > <3 013>& i wiIl) (60)
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The zeros of equation (60) may be obtained in the form of a root locus diagram
with a gain parameter -[Jz - (hog/wols)] Is/I; C11/Cls. Thus the root locus
equation for the zeros is

h I5 C} Cj
=) R R R P s I TR L |
<J3 ®ols/ I1 Cia <S >( i )

1 - =0 (61)

A typical pole-zero configuration corresponding to equation (61) is shown in
sketch (i), where conditions (58) have been assumed to apply.

Since Fy(w,s') consists only of o
poles in the left half plane and the
most stable open loop poles of equa-
tion (60) are all on the imaginary axis, X

it follows that the existence of a zero OF
on the positive real axis (zero A of
sketch (1)) implies the system repre- A
sented by equation (60) is always * >+ 4
unstable. It must, therefore, be con-
cluded that the scheme as outlined is &

-1

not, in general, satisfactory in the
event of a roll wheel failure. It is ¥
possible to visualize a modification to
the scheme whereby additional compensa-
tion is switched in after a roll wheel
failure. Such modifications are, how- Sketch (i).- Typical pole-zero con-
ever, outside the scope of this report. figuration for equation (61).

Steady-State Behavior at Large Anglés of Yaw

For some purposes it may be required to rotate the satellite to some yawed
position while maintaining the pitch and roll attitudes close to zero. One
example of this is the previously mentioned yaw bias requirement for Nimbus. Yet
another example could be a requirement to point, in a given direction, an antennsa
which is rigidly fixed to the main body of the satellite. An important property
of the type of system under discussion is that if the yaw angle is large, then
the nonlinearities and couplings inherent in the system produce steady-state
pitch and roll attitudes which differ from zero. (It is assumed here that no
provision is made to inject command signals to the roll and pitch channels.) The
error involved in these angles is dependent on the angle of yaw, the inertia dis-
tribution of the satellite and the roll and pitch channel gains. In order %o
calculate the steady-state roll and pitch angles, it will be assumed that they
are sufficiently small that their products may be neglected. The steady-state
inertial angular velocities from equations (3) are
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-
w1~ = ~Wwg sin wm/o
we® = -wy cos Y (62)

m/o

waS = —wo[-@i/o cos ¢§/O + Gg/o sin Wﬁ/o]

where the superscript e means the steady-state value of the wvariable. Sub-
stituting for w1®, ws®S, and ws® from equations (62) into equations (1) yields

wo® cos Vi /ol =05 /0 o8 U 6 + Ohyo sin U N(Is - I2)

= Wy COS wi/ohgwn-wo[-@i/o cos ¥ o+ 6 sin Wi/o](hgw»kth) - 3wo7 (T2 - I3)0f /o
(63)

wog sin wﬁ/o['wz/o cos wi/o * @i/o sin qfr?l/o](Il - Is)

- mo[-@i/o cos Wi/o + Ga/o sin @E/O]hiw - wy sin w;/ohéw - 3w (Iy - 13)9;/0

(64)

. s , s
wo? sin /o cos Y o(Iz - I1) = wolhzy + hgp)sin Vi ,o - wohtw cos Vo

(65)

where misalinement errors have been assumed to be zero. The result of multiply-
ing equation (63) by sin Wg/o, equation (64) by cos Wﬁ/o’ and adding is, after
some rearranging,

['@;/o cos qfrsrl/o + 95/0 sin 11[rsr’L/o]['(*)OESirl w;/o cos 3/0(12 - 1)
s .8 S s
+ wo(h2W-+ hog)sin Vm/o - Wolliw COS Wm/o}

= -3uo®lsin V5, (T2 - Is)oh,, + cos ¥, (I1 - Is)6f, ] (66)
hence from equation (65) it follows that equation (66) reduces to

sin V5 o (Iz - Ia)op,o + cos Vi,o(I1 - Ia)6;,, = O (67)

The steady-state roll and pitch inertia-wheel angular momenta hiw and hgw are
given by equations (L) and (5), that is,
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s
th = K(p@yi/o (68)
, . .
hay = Kgbm/o (69)
where, again, misalinements are assumed to be zero. Using equations (68)
and (69), equation (65) can be written in the following form:
Kp cos VS /95 /0 - Ko 810 Vo ofm/o = o sin Vi o €08 ¥h/o(Iz -T1) + hyg sin Vg/o
(70)

Equations (67) and (70) form two simultaneous linear equations in 6f,o and /0

whose solution 1is

) h
wy sin® w;/o[(zg - Ii)cos V5, - _25} (I, - Is)

of “o
m/o =
sin? wg/o(zg - I3)Kg + cos? ¥, (11 - 13)K¢
. h
-wo sin W;/o cos W;/O((Ig - Ii)cos Wi/o - Z%K} (I - Is)
L o
Pnjo =

sin® Vg ,o(Iz - Ia)Kg + cos® ¥y o(I1 - Iz)K,
An important property illustrated by equations (71) and (72) is that if

h2K=O

I - Ij)cos V5, -
( 2 1 m/o wg

(71)

(73)

then 63/0 and ¢p,, are zero independent of the values of the gains Kg and K.
For some mission requirements this could be a very valuable property and could

be achieved for a given yaw angle ngo simply by selecting the appropriate
value of hog. (Note that equation (73) is identical to equation (32) when

VE,/o = 0.) Another way of reducing 6§, and ¢f,, 1s to increase the system
gains Kg and K¢ provided this does not violate any other requirement or lead

to an unsatlsfactory dynamic behavior.
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COMPUTED RESULTS FOR A PRACTICAL EARTH-ORIENTED SATELLITE

Satellite inertias and basic control system data are given in appendix D.
These data were typical of the Nimbus meteorological satellite at one stage in
its development. The inertia distribution is favorable (J,;>0 and J2>0) in the
sense that the roll and pitch gravity torques are stabilizing. Identical lead-
lag compensation networks are used in the pitch and roll channels. Nc compensa-
tion is used in the yaw channel, and no constant speed inertia wheels are used.

Studies were carried out using both digital and analog computers. Calcula-
tions on the digital computer were confined to investigations into the stability
of the linearized equations describing the system. In the analog simulation, use
was made of the complete equations with all the coupling and nonlinearities
included. The analog study was used to determine the transient response of the
system, particularly following a yaw command, and to check the validity of the
stability derived from the linearized equations.

It has been demonstrated previously that the smaller the gyro time constant,
the better the stability characteristics of the system and, furthermore, that it
is necessary to incline the input axis of the gyro relative to the roll axis in
order to avoid the possibility of instabilities being caused by gyro misaline-
ments. It will be demonstrated subsequently that additional gyro inclination to
the roll axis is necessary to avoid instabilities which can be caused by mis-
alinements of the "marked" axes relative to the principal axes of inertia. In
order to meet these desirable features, the basic control system studied is
assumed to have a gyro with a time constant of 0.2 sec oriented with its input
axis at an angle of -6° to the roll axis, that is, ¢,/,q = 0°, 6,/q = -6°, and
wc/d = 0° (see appendix D).

Influence of Control System Gain

Root locus diagrams for the roll and yaw degrees of freedom of the basic
system are shown in figures 2 and 3,respectively. It has been assumed that
equation (32) is approximately satisfied, which, in this case, amounts to the
statement that the pitch and roll inertias are approximately equal. The advan-
tage of using an approximate solution of this kind for the roots of the roll-yaw
characteristic equation is that it enables the stability of the roll and yaw
degrees of freedom to be examined separately, thereby greatly facilitating an
understanding of the influence of various system parameters, in particular, the
system gains. The validity of the approximation in this case can be seen from
table I, which shows a comparison of the approximate roots obtained from equa-
tions (36) and (37), an improved approximation obtained by using the true open
loop poles on the imaginary axis of the roll diagram, and the exact roots. The
comparison is given for two sets of the gains K¢ and Ky. The set with the
smallest values (i.e., Kp = 0.3 ft-lb-sec/radian, Ky = 300 ft-lb-sec®/radian)
results in a system with the greatest damping and one which therefore makes the
greatest use of gravity torques to remove angular momentum from the vehicle (see
fig. 2, also sketch (g) and related discussion). This system will subsequently
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be referred to as the "low gain system." The other set of gains given in

table I results in a system which, for all practical purposes, is undamped (see
fig. 2). The gains are, however, sufficiently high to cause most of any initial
angular momentum of the system to pass quickly to the inertia wheels. As a
result the vehicle body angles and rates, in the residual undamped oscillation,
are very small. This system will subsequently be referred to as the "high gain
system." It can be seen from table I that the results of both methods are prob-
ably accurate enough for most engineering purposes. The second method of approx-
imation produces better results for the low gain system while the first method
produces better results for the high gain system. It is interesting to note that
for the low gain system the coupling between roll and yaw introduced by the
unequal roll and pitch inertias changes a real roll root and real yaw root into
a complex pair of roots (see table I).

To complete the stability investigation, a root locus diagram for the pitch
degree of freedom is shown in figure 4. This is similar to that shown in
sketch (¢) and discussed earlier. 1In order to maintain a balance in the stiff-
ness of the control channels, the pitch gain Ky for the low gain system is
made equal to 0.3 ft-lb-sec/radian and that for the high gain system
76.4 ft-1b-sec/radian. It should be noted that, for both low and high gain
systems, the channel gains have been arranged so that one unit of satellite body
angle about any degree of freedom produces, in the steady state, approximately
the same value of the angular momentum of the corresponding inertia wheel (i.e.,

Kg = Kp = wOKW)‘

A comparison between the transient motion of the high and low gain systems
when released from two different initial conditions is given in figures 5 and 6.
It is immediately apparent that the transients of the low gain system are com-
pletely dominated by the lightly damped (¢ = 0.13) mode of approximately orbital
frequency. Satellite body angle, body rates, and inertia-wheel speeds all damp
to zero although it takes several orbits for this to occur. Perhaps one of the
most striking features of the low gain system behavior is the absence of any
sharp peaks in any of the wvariables describing the system response. In contrast
the high gain system, especially for initial conditions involving satellite body
angles, exhibits rapid initial transients with relatively high peak values of
body rates and inertia-wheel speeds - a behavior fully in accord with the charac-
teristic roots of the high gain system (table I). When the rapid transients have
died away, there remains, in the roll and yaw degrees of freedom, the residual
undamped low-freqguency mode. This shows up particularly in the inertia-wheel
speeds. It does not show on the traces of the satellite body angles and body
rates because the gain of the system is so high that the amplitude of the mode
is below the resolution of the recorder.

It can be seen from figures 5 and 6 that there is only light coupling
between both pitch and roll and pitch and yaw. To illustrate this further and to
indicate the type of piltch response obtained, figure 7 shows the transients
following a release of the system from an initial condition of 5° of pitch. As
might be expected, the response of the low gain system is much slower than that
of the high gain system although the damping remains very good.

There is no doubt that the high galn system provides a measure of control
over the body rates and body angles which is far superior to that provided by the
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low gain system. The principal obJjection to the high gain system is that accumu-
lated system angular momentum cannot be bled off through the action of gravity
torques. Instead, the only way of removing angular momentum from the system is
by the expenditure of stored energy through the action of the coarse control

system.

There remains the possibility that some control system with intermediate
gains may provide some of the good response characteristics of the high gain
system while maintaining sufficient damping of the low frequency mode to enable
some degree of momentum dumping capability. An example of such an intermediate
gain system is shown in figure 8. Here the gains have been set at
Kg = Kp = 1 ft-1b-sec/radian and Ky = 1000 ft-lb-sec®/radian. The damping factor
of the low-frequency mode is reduced from 0.13 for the low gain system to 0.055.
Thus the low-frequency mode takes over twice as long to damp to a given fraction
of its initial value; however, the response of the system is certainly improwved.

Whether or not a compromise such as this can be regarded as satisfactory
depends entirely on the design specifications. If the body angles and body
angular rate specifications are not too stringent, then such a system could well
provide an acceptable solution and one which requires the minimum amount of
stored energy within the satellite.

Influence of Gyro Time Constant and Orientation

It has been suggested previously that, in general, it is desirable to use
a gyro with a small time constant oriented to give a small positive wvalue of
-C}3/CY1. The basis for the argument is that these conditions result in the
most stable roots of the yaw characteristic equation (eq. (36)). It has also
been indicated that a system using an integrating gyro (very large time constant)
can be made to yield reasonably stable roots of the yaw characteristic equation,
provided the gyro input axis is oriented to give a large positive wvalue of
-Cis/Cil, In general these roots are not as stable as those for the system using
a rate gyro. However, if these roots are such that they do not have an over-
whelming influence on the transient behavior of the system, then it may be pos-
sible, especially with low control channel gains, to devise a system, using an
integrating gyro, with a performance comparable to that using a rate gyro. The
reason for believing this may be possible for the low gain system is that the
transient response of this system has been shown to be primarily dependent on the
low frequency oscillatory mode associated with stability in roll.

To check whether or not the above conjecture is valid, the system was
changed in two stages. First the rate gyro (time constant of 0.2 sec) was
replaced by an integrating gyro (time constant of 2000 sec), gyro orientation
remaining unaltered at (0°, -60, Oo). The main observable effect on the tran-
sient behavior of the system is an apparent increase in the coupling between roll
and yaw in the sense that a disturbance introduced into one degree of freedom
produces greater amplitude transients in the other (cf. figs. 5, 6, 9, 10, 11,
12, 13, 14). The initial nonlinear behavior displayed in most of the traces
involving the high gain system are due to inertia-wheel motors attaining maximum
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speed or maximum torque. The explanation for the coupling is that the roots of
the yaw characteristic equation, which in the basic system are very damped, have
had their damping reduced to the point where they materially influence the tran-
sient behavior of the system. The second change to the system involved a reori-
entation of the integrating gyro so that its input axis was inclined at an angle
of -70° to the roll axis. Thus the value of -Cla/C}; 1is increased from 0.105
to 2.748 and changes the yaw root locus diagram from the type shown in

sketeh (d)h to that shown in sketch (d)3. The effect of this change on the tran-
sient behavior of the low gain system is shown in figures 9 and 10. It can be
seen that the improvement in the damping of the roots of the yaw characteristic
equation correspondingly improves the transient response of the system. In fact,
a comparison of figures 9, 10 and 5, 6 shows that there is little to choose
between the transient behavior of this system and that of the basic system
employing the rate gyro. The effect of the system change on the high gain
system is shown in figures 11 and 14. Although the change of gyro orientation
greatly improves the transient behavior of the system, it is still considerably
worse than that of the basic system. This 1s particularly evident when the
initial conditions are in the form of angular rates, where a relatively poorly
damped osgcillation and a very slow convergence tend to dominate the motion.

To demonstrate the influence of gyro orientation on the behavior of the
system using a rate gyro, the orientation was changed from (0°, -6°, 0°) to
(OO, 0°, 0°9); that is, the input axis of the gyro was directed along the mq,
or roll, axis. A comparison, at high gain, between this and the basic system is
shown in figure 15. It can be seen that the stability of the system with gyro
oriented (OO, Oo, Oo) is much poorer than that of the basic system. The high
frequency, lightly damped mode which occurs primarily in yaw can be anticipated
from the arguments leading to sketch (e). A similar investigation using low
gains showed no detectable differences between the behaviors of the two systems -
again in general agreement with sketch (e).

Effect of Control Axes Misalinement

The effect of a +5° pitch control axis misalinement on the behavior of both
low and high gain systems is shown in figure 16. It can be seen that with the
low gain system the pitch inertia-wheel speed and pitch angle reach steady-state
values in about 50 minutes. On the other hand, with the high gain system there
is no indication of an approach to the steady-state condition even after 200 min-
utes. In fact, with this magnitude of pitch axis misalinement, the pitch inertia
wheel of the high gain system attains its maximum design speed before a steady-
state condition occurs. Thus, whereas the pitch inertia wheel of the low gain
system only attains a speed of 80 rpm, that of the high gain system reaches its
maxinmum design speed of 1800 rpm in 8 hours and must then be despun back to
zero - a process which must be repeated at least every 8 hours.

A possible difficulty may occur with a low gain system because of the angle
of pitch deviating from zero to a value equal to the misalinement angle. Sup-
pose, for example, that it is desired to maintain the pitch attitude angle to
within 3° of zero and that at 3° the coarse control system operates to reduce the
attitude error. The coarse control system would have to come into operation at
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least once every 25 minutes to maintain the pitch attitude within the specified
limits. This could result in a higher rate of energy expenditure by the coarse
control system than continual inertia-wheel speed desaturation with the high gain
system. If, however, the specifications are such that the coarse control system
threshold is greater than the anticipated pitch control axis misalinement, then
the low 'gain system may have advantages from the point of view of expenditure of
energy for control.

A series of computer runs was made wherein the systems were released from
various initial conditions. It was observed that, for both low and high gain
systems, the transients with and without the +5° pitch control axis misalinement
were almost indistinguishable, thus verifying that small positive pltch control
axis misalinements have very little influence of stability.

Shown in figure 17 is the transient behavior when the basic high gain system
with a pitch control axis misalinement of -5© is released from an initial condi-
tion of 5° of roll. A comparison between figure 17 and figure 15 shows that,
again, misalinements have very little influence on stability. If, however, the
gyro orientation is changed from (0°, -6°, 0°) to (0°, -2°, 0°) then (see
fig. 17) the -5° pitch control axis misalinement causes a high-frequency very
lightly damped mode which appears chiefly in the yaw degree of freedom. That
this loss of stability is due to the misalinement and not to the change of gyro
orientation can be seen from figure 18 which shows the system behavior in the
absence of misalinements. This demonstrates the importance of pitch axis mis-
alinements on stability and indicates the sensitivity of the system to gyro
orientation. A similar investigation carried out using the low gain system
showed that pitch axis misalinements, of the order of magnitude considered here,
have very little influence on the behavior of the system.

The effect of a +5° roll control axis misalinement on the behavior of both
low and high gain systems is shown in figure 19. It can be seen that a roll axis
misalinement is not so important as a pitch misalinement since it results in only
relatively small variations in the orientation angles and inertia-wheel speeds.
Computer runs comparing the initial transients with and without roll axis mis-
alinements demonstrated that roll axis misalinements have a negligible influence
on stability.

Yaw Channel Failure

It has been shown previously that, if the yaw channel fails, the system can
be stabilized by the introduction of a constant speed pitch inertia wheel. It
was also suggested that, provided the required angular momentum of the constant
speed wheel 1is sufficiently small, biasing the speed of the pitch control inertia
wheel could provide a solution. The feasibility of a scheme of this kind has
been investigated for the satellite under consideraticn here. A value of hgoy
equal to 0.2 ft-lb-sec was selected. This is exactly equal to one half of the
assumed pitch control wheel capability (appendix D) and also satisfies the

expression
hoy h
Jz - -2 by - By -
< ° m013> < * woly
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thus assuring stability. The root locus diagram for the roll-yaw stability,
using this value of hyog, is shown in figure 20. It can be seen that with the
low gain system (i.e., Kp = 0.3 ft-lb-sec/radian) the stability is relatively
good, the damping factor for both modes of oscillation being of the order of
0.35. It should be noted that this is better than the damping factor of the low
frequency mode of the fully operating system (damping factor of 0.13). The tran-
sients following initial conditions of 50 of roll and O.OOSO/sec of roll rate are
shown in figures 21 and 22. It can be seen that a yaw channel failure makes the
system more sensitive to disturbances which influence roll rate but it operates
satisfactorily and offers a method of extending the 1life of the satellite in the
event of a yaw channel failure.

The stability of the high gain system (i.e., K¢ =76.4 ft-lb—sec/radian) is
poor, as might be expected. The root locus diagram of figure 20 shows that not
only is the low-frequency mode, for all practical purposes, undamped but there
is also a negative real root very close to zero (s' = -0.00255). The implication
is that any disturbance to either the roll or yaw degrees of freedom will cause
the yaw angle to oscillate with orbital frequency (and zero damping) while the
mean angle of yaw tends to drift away from zero. This conclusion is verified by
figures 23 and 2L which show the transients following initial conditions of 5°
angle of roll or O.OOBO/sec rate of roll. Thus this scheme when applied to a
high gain system cannot be regarded as providing an adequate solution to the yaw
channel failure problem.

Yaw Bias Response

The response of both the low gain and high gain systems to a yaw bias
command is shown in figure 25. The command signal used is based on a Nimbus
satellite requirement represented here as a change of yaw angle from +37.5° to
-37.5° in about 10 minutes. With the type of time linear command signal shown
in figure 25, the performance of the high gain system is undoubtedly superior.
The change of angle of yaw from +37.5° to -37.5° takes about 12 minutes for the
high gain system as compared with about 37 minutes for the low gain system.

Because of the coupling between the degrees of freedom, an angle of yaw
produces steady-state angles of roll and pitch as discussed in earlier sections
of this report. This effect is particularly evident with the low gain system
where, as can be seen from figure 25, the angle of roll changes by about 8° due
to the yaw bias maneuver, that is, from +4° to -4°. The effect on both roll and
piteh is predicted with good accuracy by equations (71) and (72). With the high
gain system the steady-state roll and pitch angles are reduced, relative to those
of the low gain system, by a factor of 255 (i.e., ratio of high gain to low gain;
see egqs. (71) and (72)) and are therefore too small to be detected in figure 25.

If, in the case of the satellite considered here, roll deviations of the
order of 4° are tolerable during the yaw bias phase, then the yaw bias require-
ment can be met by reshaping the command signal. For example, if the command
signal is changed to that shown in figure 26, then the low gain system meets the

39

40



requirements. The feasibility of this approach depends, of course, on the
stringency of the yaw bias requirement which may, in some cases, be sufficiently
severe to preclude the use of a truly low gain system.

SUMMARY OF RESULTS

A dominating feature of the dynamical behavior of the earth-oriented
satellites considered is that the earth pointing axis rotates with orbital
angular velocity with respect to inertial space, which results in the roll and
yaw degrees of freedom being strongly coupled. This coupling, in general, pre-
cludes an analysis on a unidimensional basis. One important exception is when
the condition (Iz - I;) - (hgg/wy) = O is satisfied. In this case the stability
in roll and yaw are independent. An investigation of this case reveals many
fundamental aspects of the dynamical behavior of earth-oriented satellites.

With the type of control system considered here, there exists a set of gains
for maximum damping (termed the low gain system). An increase in the gains above
those for maximum damping causes a progressive reduction of the damping of a mode
of oscillation with a frequency close to orbital. This mode is closely related
to the stability of the vehicle angular momentum, which in turn is dictated pri-
marily by the gravity torques acting on the vehicle. In fact the magnitude of
the gravity torques largely determines the maximum rate at which angular momentum
can be dumped into the orbit.

The stability of the system is independent of whether or not the gyro input
axis 1s located out of the satellite roll-yaw plane. A rate gyro with a small
time constant oriented, relative to the roll axis, at a small angle above the
satellite roll pitch plane provides the best method of controlling yaw. An inte-
grating gyro can be used to control yaw and with the most favorable orientation
results in a low gain system with a performance comparable with that using a rate
gyro. FEven with the most favorable orientation a high gain system using an inte-
grating gyro has poorer stabllity than one with a rate gyro. One problem with
the integrating gyro is that the most favorable orientation from the point of
view of stability results in a reduced sensitivity to angle of yaw.

Control axes misalinements are more serious in pitch than in either roll or
vaw. A pitch misalinement can cause instgbility if the rate gyro input axis is
oriented too close to the roll axis. In addition, pitch misalinements may cause
excessively high rates of expenditure of stored energy by the coarse control
system for both low and high galn systems, the former because of large deviations
in angle of pitch, the latter through the need for repeated inertia-wheel despin-
ning. The low gain system could show advantages if the anticipated pitch control
axis misalinement angle were less than the satellite coarse control system pitch
attitude threshold limit.

Yaw bias requirements are most easily met by the high gain system, but the
low gain system in many cases can be made to operate satisfactorily by suitable
shaping of the yaw command signal. One problem with the low gain system is that
large steady-state angles of yaw produce steady-state angles of pitch and roll.
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A constant speed pitch wheel will stabilize the system when the yaw channel
fails and is particularly satisfactory when the system gains are low. The system
is still theoretically stable when high gains are used, but it is so poorly

damped that 1t cannot be regarded as satisfactory.

A constant speed pitch wheel

will not stabilize the system when the roll channel fails.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Feb. 13, 1963
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APPENDIX A
DERIVATION OF THE GYRO TRANSFER FUNCTION

The expression for the gyro gimbal angle 6, (eq. (2)) may be rewritten in
the form

Ig.ég + Coég = -Ig(céld)l + Cég(:)z + C23(.:J3)
+He[(CYy - C319g)w1 + (Ciz - Cszeg)wz + (Cis - Caseg)ws]

+ Mg - K6, (A1)

where K 1is the torque generator feedback constant (K = O for a gyro operating
in the integrating mode, AMg is any spurious torque acting about the gyro gimbal
axis and Cl;, Cls, etec.,’ are related to Cq1;, Cim, ete., by the following
expressions

Cz1 = Co1 - Va/mCea + 84 /mCas )

Ciz = Coz + ¥g,yCo1 - 94/,Cos

Czs = Cas - 8g/,Co1 + Pg /mCa2 g (1)
A2

Cii = Ci1 - Vg, Ci2 + 85,,C13

C5.2 = C12 + \l'rd/mcll = CPd/mCls

Ciz = Ci3 - Oa/mC11 + ®q/mCi2

Note that if there are no misalinements, Ci; = C;q, etc.
In the case of small satellite body angles and rates, the relationship

between the inertial angular velocities and Euler angles and rates as expressed
by equations (3) becomes, to a first approximation,

w1 = P/ - Wol¥ /o

Wa = ém/o - Wg (A3)

Wz = Yo + WoPp/o

Wote that the quantities C}i, Cls, etc., are the direction cosines
relating the ¢c; axes to the m; axes.
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Substituting equation (A3) into equation (Al), rearranging the terms, and
deleting those involving products of small quantities results in the following
expression:

. . . ] .
Igbg + Cpfg + (K - HrweoCaz)bg = Hr[(cil¢m/o + CESwO@m/O) + C12(6p 6 - wo)
where the terms in Ig on the right side of equation (Al) have been omitted
because Hy 1s numerically very much greater than Ig (the ratio is usually of

the order of 103).

Equation (AL), written in terms of the Laplace transform variable s, becomes
[Igs® + Cps + (K - HrwoCaz)l6g = Hel(Clis + Ciswo)@m/o + C1286p/0
+ (Clas - Cliwo)Vp o] + AMg - HpClawg  (A5)

Since, in general, Ig/Cp << Cp/(K-HpwoCaz) the expression Igs®+Cps+(K-HrwoCsz)
can be written, with good accuracy, in the form

Igs Cns
g D

_ + 1 - = 1
(K - HrwoCaz) <:CD r > <K - HywoCas " >

The time constant Ig/CD is usually extremely small, that is, of the order of
0.001 second. It can therefore be assumed that the term [(Igs/CD) + 1] does not
significantly affect the system dynamics. Equation (A5) can then be written in
the following form:

LM,
(CilS+Ci3wo)@m/o+ci239m/o+(ciss-Cilwo)¢m/o+ —£ _Clawo
Hr fy (A6)

& K-HywoCaz Tgs + 1 .

where
Cp
T I et —— e e
€ K - HpwoCaz
It can be seen from equation (A6) that the only difference between the
dynamic behavior of gyros operating in the rate or the integrating mode arises
through differences in the time constant Tg. As might be expected, the differ-
ences in T can be very large. For example, a typical gyro has a value of T
in the integrating mode of about 2000 seconds, while in the rate mode it can be
made, say, 0.2 second or even smaller, if desired, simply by choosing the appro-
priate value for the torque generator feedback constant K. The value of Tg in
the integrating mode can be changed by changing the value of the damping constant
Cp, although this may involve major design changes in the gyro.
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It should be noted here that the gyro used in the integrating mode is stable
only if HywoCzz 1s negative. Since w, 1is positive and H, is positive, this
implies that Css must be negative. This means that the positive direction of
the gyro spin reference axis must make an angle of less than 90° with respect to
the negative do direction of the gyro reference frame. This condition is not
generally necessary in the case of the rate gyro since X 1is normally much
greater than HyweCaz.
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APPENDIX B

ALTERNATIVE DERIVATICON OF THE CHARACTERISTIC HQUATION

In the section of the report dealing with the stability of the linearized
equations, the characteristic equation is derived by the usual method of taking
the determinant of the coefficients. The disadvantage of this approach is that
it is a purely formalistic procedure which, in some cases, can obscure some of
the physical facts related to the final form of the characteristic equation. It
is proposed here to use an alternative method of derivation to reveal some of
these physical implications.

The set of linearized homogeneous equations is given below in terms of the
Laplace transform variable s' appropriate to a time scale T = wgyt.

' h, h, ' .
e e e =y
Bl
(I2s'2 + 3(I; - I3)le + S'hew -0
K (22)
B2
hag h h '
[(11-12+13)S'+%}0 +[I3$'2+(Iz-ll)-fxo_:|‘1/+—(:’1;w +%;§_".’.=0
(B3)
KeFo(wos' )0 hyy
wo " o =0
(BL)
'KGFG(“’OS')@ N hoy -0
We Yo
(B5)
KyFy(wes')(C118" + Cla)o + KyFy(wos')C120 + KyFy(wos' )(Clas' - C1)Y¥ + %f— =0
° (B6)

where ¢, ©, and ¥ are the Laplace transforms of Pr/o> Qm/o, Wm/o' It follows
immediately from equations (B2)and (B5) that

KgFa(wes' )s!
[125'2 + 3(I1 - Ia) + o6 (wos") J e = (B7)
Wo
Consider the two quantities ¢ and n defined by the following equations

€ = Iis'o + AW [(I‘2 - I,) - }izﬁ] 14 (B8)

Wo Wo

how
n = Iss'¥ + Baw [(Is - Iz) + “QK} 0 (39)

Wo Wo



The quantities ¢ and n are, in reality, the components of angular momentum
gbout the b, and bs axes, respectively. Substituting equations (B8) and (B9)
into equations (Bl) and (B3) yields

(B10)

.
(@]

s'¢ -n - 3(Is - 12)0 =
sty - € =0 (B11)

Substituting for ® from equation (B1O) into equations (BL) and (B8) and for
hyy/wo from equation (B4) into equation (B8) yields

8126 - s'n + 302¢ + K$F$(w05;)i5'§ ) g, [(12 - I4) - EEKJ ¥ =0 (B12)
1*0

Substituting for { from equation (B11) into equation (B12)

-
[s’(s'z + 1+ 37;) + KgFp(wos' ) (=™ + I)J N+ 371 [(12 J1,) - 22Ky g
Tiwe Wo
(B13)

Substituting for © from equation (BlO) into equations (B9) and (B6), and for
haw/we Trom equation (B6) into equation (B9)

(s'¢ - 1)
30111

h ! - ? 1
n + [(Is - I2) + ZK} (s26 - ) - KWFW(NOSW(Clls' + C13)
Wo 30111

+ KyFy(wos')C120 - [Ias' - KyFy(wes’)(Cias' - Cl1)]¥ = O (B1L)

Substituting for ¢ from equation (B11) into equation (B1L) and rearranging

1 th} (s12 + 1) . . (s'® + l)}
o= J _ T - I F 1 C 1 C A S A
37, 3J1 {( 3 2) + o I, + Ky w(wos Y(Chis' + Cig) I, yl

K F t C’ 1 — 1
- KyFy(wes')C120 + Ig [s’ _ ¥ W(MOSI)( ias' - Cia) ¥ =0
> (B15)
Now if (Io - I1) - (hog/woy) = O, equation (Bl3) reduces to
] '2 l
l:sr(st2 + 1 + 3Jl) + IQPFtp(wOS )(S - )‘J n = 0 (Bl6)
I]_(.OO
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thus demonstrating that with [(Iz - I;) - (hog/wo)] = O the equation

1 12 1
s'(s'2 + 1 + 30;) + 2 gluos')(s'” + 1) _ (B17)

governs the stability of the yaw component of angular momentum 7 and, by equa-
tions (Bll) and (B1O), the stability of the roll component of angular momentum ¢
and the roll angle &. Thus equation (Bl?) provides all the necessary informa-
tion for deciding whether or not the system is capable of "dumping" its angular
momentum (roll-yaw) into the orbit.

A disturbance introduced through the angle of yaw ¥ cannot influence ©
nor, if (Iz - I;) - (hog/wo) = O, can it influence 17, since both of these varia-
bles are uniguely determined by equations (B7) and (Bl6). It follows that the
stability in yaw is governed only by the term in ¥ in equation (B15); that is,

 KyFyluos') (Cls - Cla)
Is

=0 (B18)

Sl

This argument also shows that since Cig only occurs in equation (Blk) it can
have no influence on the stability of the system. However, while the terms in
® and 1 in equation (B15) do not influence the stability of the system, they do
have an influence on the transient motion in yaw; that is, a disturbance in
either © or n produces a disturbance in VY.

k7
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APPENDIX C
SOME PROPERTIES OF THE DENOMINATOR POLYNOMIAL IN EQUATION (59)
Consider the polynomial

s 4 g2 l:l+3Jl+<J3-h2K>< h2K>J+<J3 -h2K><th -h2K>=o
wolg woly wols woly

when

J; =20

To ease the subsequent discussion, the polynomial will be written

s'* + Bs'2 +C =0 (c1)
where
B = [1 + 3J1 + <J3 - >< _ hek ﬂ (c2)
wo 3 U)OIJ_
¢ = < onB> < on;> (CS)

It is well known that the most stable set of roots! which can be possessed
by a polynomial of the form given in equation (Cl) is when all the roots are
imaginary. The necessary and sufficilent conditions for this are:

B>0 (ch)
c>0 (c5)
B2 - e >0 (c6)
Equation (C3) can be written in the following form:
h
< > 2k <J3 + 4T I—l> + I (LJJs - C) =0 (c7)
(A)OIs (.0013 Ig Ig

IThe term "most stable set of roots" is defined to mean the set of roots
with the least upper bound for the real parts.
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and has real roots provided
.Y I
Jag + 41 22 ) - b =2 (W3, J5 - C) >0
Is I3
or

2
<§3 - b, £i> + b %i ¢c>0 (c8)

I3 3

Thus if condition (C5) is satisfied, then equation (C7) always has two real roots
(i.e., (hgg/woIs), and (hsx/weIz)y). These roots clearly satisfy the following
conditions:

wOI?’/l
(c9)
<h2K \‘ Z )‘l‘Jl
wOIl/l
and
<£aK_\ < s
w013/2
(c10)
oy
22K )< gy
wols/, ~
Equation (C2) can be written in the following form
h
B =1+ 37, (1 - <;3 - w2§3>J + C (c11)
L o

Thus 1f a value of hox 1s selected which satisfies condition (C9) and, there-
fore condition (C5), then it follows from equation (Cl1l) that

B>1+C>0 (c12)

so that condition (Ch) is satisfied. Furthermore it follows from condi-
tions (C12) and (C5) that



B2 -4 >B% - 4(B -1) = (B -2)2>0 (€13)

g0 that condition (C6) is satisfied.

The solution of equation (Cl) in terms of st is

2 _ -B xNB® - LC

s =
2

Considering first the positive value of the square root and using condition (c12)

B +NBZ - 4o B +NB2 - (B - 1) _

2 - 2

1

(s73), =
Thus

si1 = -siz = KJ (1)
Cl
where K <1

The remaining roots are derived by taking the negative value for the square root,
that is,

(s72), - B -NB2 - i < B -NB2 - 4B - 1) _ _(

B-1Y<-¢C
2 2

Thus

sby = -sbp = LjNC (
c15)
where L > 1

To sum up, therefore, for every value of th/wo which satisfies the
condition

h
f—Kz [both (Is - I,) and W(Is - I3)]
O

all the roots of equation (Cl) lie on the imaginary axis. Furthermore the roots
are symmetrically disposed relstive to the real axis and the two on the positive
imaginary axis are located so that one is always equal to or less than j and

the other always greater than or equal to jNﬂf.
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Principal
Principal

Principal

Jo =

Ja =

APPENDIX D

SATELLITE BASIC DATA

Inertias

inertia in roll I,
inertia in pitch Ip
inertia in yaw Is

Inertia Parameters

Is

190 elug-ft2
146 slug-ft2

120 slug-ft2

0.137
1 0.480
11 -0.367
Control-System Transfer Functions
1+ TepS

=
<
[€)]
|

C(1 o+ aT@s)(l + TyS)

1 + Tgs

(1 + atgs)(L + 7ys)

1

(1 % Tgs)(l + TpS)

22
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where the time constants, etc., have the following valueg:

Motor time constant T, 38.4 sec
Gyro time constant T, (rate mode) 0.2 sec
Gyro time constant Tg (integrating mode) 2000 sec
Compensation network time constant To = Tg 7 sec
Compensation network lead-lag constant‘ o 0.1

Additional Motor Flywheel Characteristics

Maximum flywheel speed 1800 rpm

Stall torque 0.0104 ft-1b

Maximum momentum 0.4 ft-1b-gec

Gyro Orientation Matrix

Since for a gyro working in the integrating mode, it is essential that Cgap
be negative (see appendix A). The c; and 43 vreference frames are initially
alined so that the spin reference axis of the gyro lies along the negative do
axis, that is, initially,

C, 1 0O O d,;
Col = |0 0 1 ds
Ca o -1 o0 ds
The Euler sequence orienting the c¢; frame relative to the ai frame is pitch,

yaw, roll, that is, ec/d’ Ve/do Po/dr This yields the following relationships

for those elements of the [C] matrix which enter into the gyro equations:

C11 = cos Wc/d cos Qc/d
Cizo = sin Wc/d

Ciz = sin 0,/q cos wc/d
Can = -COS Wc/d cos P, /q

It is assumed throughout that the orbit is circular and the orbital rate

wo 1s 0.001 radian/sec.
580 statute miles.

52

This is equivalent to a satellite altitude of about
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(=]l

5 Pitch axis Satellite orbit

\
+ Center of earth

is along a line from the vehicle center of mass to the center of
the earth.

is perpendicular to the orbital plane (measured positive in the
reverse direction to the orbital angular momentum vector).

is perpendicular to 63 and '62 and completes the right handed
axes system.

Figure 1.- Orbital reference frame.
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